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Abstract. In the present paper, we obtain the basic Chen inequalities
for submanifolds of quaternion Kaehler-like statistical manifolds. Also,
we discuss the same inequality for Lagrangian submanifolds.
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1. Introduction
A statistical manifold is a natural geometric generalization of statistical
model. In 1985 Amari introduced the notion of statistical manifolds via in-
formation geometry (see [1]). These manifolds are equipped with dual con-
nections (torsion-free), an analogue to conjugate connections in affine geom-
etry (see [6]). Since dual connections are not metric, it is very difficult to
introduce a notion of sectional curvature using the canonical definitions of
Riemannian geometry. In this connection B. Opozda in [8] showed a way to
define a sectional curvature tensor on a statistical manifold. The definition
of a statistical manifold is motived from the statistical model in a way such
that Riemannian manifold M replaces the density functions of a statistical
model, a Riemannian metric replaces a Fisher information matrix, the pair
of dual connections (∇ˆ, ∇ˆ∗) replaces the dual connections (∇(−1),∇(1)), and
a 3-covariant skewness tensor replaces a skewness tensor. While studying the
geometric properties of a submanifold, a very important problem is to ob-
tain sharp relations between the intrinsic and the extrinsic invariants and a
vast number of such relations are revealed by certain inequalities. For exam-
ple, let M be a surface in Euclidean 3-space, we know the Euler inequality:
K ≤ |H |2, where H is the mean curvature (extrinsic property) and K is the
Gaussian curvature (intrinsic property). The equality holds at points where
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M is congruent to an open piece of a plane or a sphere (umbilical points).
B.-Y Chen [3] obtained the same inequality for submanifolds of real space
forms. Then in [4], B.-Y Chen obtained the Chen-Ricci inequality, which is a
sharp relation between the squared mean curvature and the Ricci curvature
of a Riemannian submanifold of a real space form.
In recent time, the statistical manifolds are being examined very ac-
tively. For some of the recent works, we refer [6, 8, 5, 9]. The chronology
behind the motivation of this paper that we are going the follow is the fol-
lowing: Takano [9] published a few papers on statistical manifolds with almost
complex and almost contact structure. In 2015, A.D. Vıˆlcu and G.E. Vıˆlcu
[10] studied statistical manifolds with quaternionic settings and proposed sev-
eral open problems. While answering one of those open problems, M. Aquib
[2] obtained some of the curvature properties of submanifolds and a couple of
inequalities for totally real statistical submanifolds of quaternionic Kaehler-
like statistical space forms. Recently, B.-Y Chen et al. [5] derived a Chen first
inequality for statistical submanifolds in Hessian manifolds of constant Hes-
sian curvature. Following the same paper, H. Atimur et al. obtained the same
inequalities for statistical submanifolds of Kaehler-like statistical manifolds.
Motivated from the above discussed papers, we take into consideration the
quaternion Kaehler-like statistical manifolds and obtain interesting inequali-
ties.
The structure of this paper is as follows. In the second section, we collect
some definitions and lemmas which are helpful to prove the main results of
the paper. In the third section we prove the main result of the paper and in
the last section, we discuss the δ(2, 2) inequalities.
2. Preliminaries
Let (Mˆ, gˆ) be a Riemannian manifold with a pair of torsion free affine con-
nections ∇ˆ and ∇ˆ∗. Then (∇ˆ, gˆ) is called statistical structure on (Mˆ) if
(∇ˆX gˆ)(Y, Z)− (∇ˆY gˆ)(X,Z) = 0
for X,Y, Z ∈ TMˆ . A Riemannian manifold (Mˆ, gˆ) with statistical structure
satisfying the compatibility condition
Xgˆ(Y, Z) = gˆ(∇ˆXY, Z) + gˆ(Y, ∇ˆ
∗
XZ)
is said to be a statistical manifold and is denoted as (Mˆ, gˆ, ∇ˆ, ∇ˆ∗). Any
torsion-free connection ∇ˆ has a dual connection ∇ˆ∗ and satisfy
∇ˆ◦ =
∇ˆ+ ∇ˆ∗
2
,
where ∇ˆ◦ is the Levi-Civita connection on Mˆ .
The curvature tensor fields with respect to dual connections ∇ˆ and ∇ˆ∗
are denoted by Rˆ and Rˆ∗. The curvature tensor field Rˆ◦ associated with the
∇ˆ◦ is called Riemannian curvature tensor.
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Generically, the dual connections are not metric, one cannot define the
sectional curvature is statistical settings as in the case of Riemannian geome-
try. A notable difference here is that while writing the curvature (sectional),
in addition to the contribution showed by dual connection via R∗, there is a
correction term in the form of R◦ contributed by the Levi-Civita connection
∇◦. In this connection Opozda proposed two notions of sectional curvature
on statistical manifolds (see [8, 7]).
Let Mˆ be a statistical manifold and pi a plane section in TMˆ with
orthonormal basis {X,Y }, then the sectional K-curvature is defined in [8] as
Kˆ(pi) =
1
2
[
gˆ(Rˆ(X,Y )Y,X) + gˆ(Rˆ∗(X,Y )Y,X)− gˆ(Rˆ◦(X,Y )Y,X)
]
.
The curvature tensors Rˆ and Rˆ∗ satisfy the following property
gˆ(Rˆ(X,Y )Y,W ) = −gˆ(Rˆ∗(X,Y )W,Z).
Let Mˆ be a differentiable manifold and assume that there is a rank 3-
bundle Λ of End(TMˆ), such that a local basis {Jα} exists on the section of
Λ satisfying
J2α = −I, JαJα+1 = −Jα+1Jα = Jα+2,
where {α = 1, 2, 3} and I is identity tensor field of type (1, 1) on Mˆ . The
indices are being taken from {1, 2, 3} modulo 3. In this case {J1, J2, J3} is
called canonical basis of Λ and Λ is called almost quaternion structure on Mˆ .
Moreover, (Mˆ,Λ) is called almost quaternionic with dimension 4m, n ≥ 1.
A Riemannian metric g on Mˆ is said to be adapted to the almost quater-
nionic structure Λ if it satisfies
g(JαX, JαY ) = g(X,Y ), α ∈ {1, 2, 3} (2.1)
for all vector fields X,Y on Mˆ and any canonical basis {J1, J2, J3} of Λ.
Definition 2.1. Let (Mˆ, g) be a Riemannian manifold with an almost quater-
nion structure Λ having {J1, J2, J3} its canonical basis with {J
∗
1 , J
∗
2 , J
∗
3 } three
other tensor fields of type (1, 1) satisfying
g(JαX,Y ) + g(X, J
∗
αY ) = 0 (2.2)
for all vector fields X,Y on Mˆ. Then (Mˆ,Λ, g) is called as almost Hermite-
like quaternion manifold and if this manifold is endowed with the torsion free
and symmetric connection pair (∇,∇∗), then ( ˆM,∇,Λ, g) is called as almost
Hermite-like quaternion statistical manifold. If this J∗ satisfy (2.1), then we
can consider a subbundle of End(TMˆ) locally spanned by {J∗1 , J
∗
2 , J
∗
3 }, such
that we have
(J∗α)
∗ = Jα
and
g(JαX, J
∗
αY ) = g(X,Y )
for all vector fields X,Y on Mˆ and α ∈ {1, 2, 3}.
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Definition 2.2. Let (Mˆ, ∇ˆ,Λ, g) be an almost Hermite-like quaternionic sta-
tistical manifold. Then (Mˆ, ∇ˆ,Λ, g) is said to be quaternionic Kaehler-like
statistical manifold if for any local basis {J1, J2, J3} of Λ there exist three
locally defined 1-form ω1, ω2, ω3 on Mˆ such that we have
(∇ˆXJα)Y = ωα+2(X)Jα+1Y − ωα+1(X)Jα+2Y
for all vector fields on Mˆ and α ∈ {1, 2, 3}.
Definition 2.3. Let (Mˆ, ∇ˆ,Λ, g) be a quaternionic Kaehler-like statistical
manifold. Then the curvature tensor R with respect to ∇ˆ satisfies
Rˆ(X,Y )Z =
c
4
{
g(Y, Z)X − g(X,Z)Y
+
3∑
α=1
[
g(Z, JαY )JαX − g(Z, JαX)JαY
]
+
3∑
α=1
[
g(X, JαY )JαZ − g(JαX,Y )JαZ
]}
(2.3)
for all vector fields X,Y, Z on Mˆ and c is a real constant.
The curvature tensor Rˆ∗ with respect to dual connection ∇ˆ∗ is obtained
just by replacing Jα by J
∗
α.
Let (M, g,∇,∇∗) be statistical submanifold of (Mˆ, gˆ, ∇ˆ, ∇ˆ∗). The Gauss and
Weingarten formulae are given as
∇ˆXY = ∇XY + σ(X,Y ), ∇ˆXξ = −AξX +∇
⊥
Xξ
∇ˆ∗XY = ∇
∗
XY + σ
∗(X,Y ), ∇ˆ∗Xξ = −A
∗
ξX +∇
∗⊥
X ξ
for all X,Y ∈ TM and ξ ∈ T⊥M respectively. Moreover, we have the follow-
ing equations
Xg(Y, Z) = g(∇XY, Z) + g(Y,∇
∗
XZ)
gˆ(σ(X,Y ), ξ) = g(A∗ξX,Y ), gˆ(σ
∗(X,Y ), ξ) = g(AξX,Y )
Xgˆ(ξ, η) = gˆ(∇⊥Xξ, η) + gˆ(ξ,∇
∗⊥
X η).
The mean curvature vector fields for orthonormal tangent and normal frames
{e1, e2, . . . , en} and {en+1, en+2, . . . , e4m}, respectively, are defined as
H =
1
n
n∑
i=1
σ(ei, ei) =
1
n
4m∑
γ=1
(
n∑
i=1
σ
γ
ii
)
ξγ , σ
γ
ij = g(σ(ei, ej), eγ)
and
H∗ =
1
n
n∑
i=1
σ∗(ei, ei) =
1
n
4m∑
γ=1
(
n∑
i=1
σ
∗γ
ii
)
ξγ , σ
∗γ
ij = g(σ
∗(ei, ej), eγ)
for 1 ≤ i, j ≤ n and 1 ≤ l ≤ 4m.
Now, we state the following fundamental results on statistical manifolds.
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Proposition 2.4. [10] Let (M, g,∇,∇∗) be statistical submanifold of (Mˆ, gˆ, ∇ˆ, ∇ˆ∗).
Let Rˆ and Rˆ∗ be the Riemannian curvature tensors on Mˆ for ∇ˆ and ∇ˆ∗, re-
spectively. Then the Gauss, Codazzi and Ricci equations are given by the
following result.
gˆ(Rˆ(X,Y )Z,W ) = g(R(X,Y )Z,W ) + gˆ(σ(X,Z), σ∗(Y,W ))
−gˆ(σ∗(X,W ), σ(Y, Z)),
gˆ(Rˆ∗(X,Y )Z,W ) = g(R∗(X,Y )Z,W ) + gˆ(σ∗(X,Z), σ(Y,W ))
−gˆ(σ(X,W ), σ∗(Y, Z)),
gˆ(R⊥(X,Y )ξ, η) = gˆ(Rˆ(X,Y )ξ, η) + g([A∗ξ , Aη]X,Y ),
gˆ(R∗⊥(X,Y )ξ, η) = gˆ(Rˆ∗(X,Y )ξ, η) + g([Aξ, A
∗
η]X,Y ),
where [Aξ, A
∗
η] = AξA
∗
η−A
∗
ηAξ and [A
∗
ξ , Aη] = A
∗
ξAη−AηA
∗
ξ , for X,Y, Z,W ∈
TM and ξ, η ∈ T⊥M .
Now, we state two important lemma’s which we use to prove the main
results in the upcoming sections.
Lemma 2.5. Let n ≥ 3 be an integer and a1, a2, . . . , an are n real numbers.
Then, we have
n∑
1≤i<j≤n
aiaj − a1a2 ≤
n− 2
2(n− 2)
( n∑
i=1
ai
)2
.
Lemma 2.6. Let n ≥ 4 be an integer and a1, a2, . . . , an are n real numbers.
Then, we have
n∑
1≤i<j≤n
aiaj − a1a2 − a3a4 ≤
n− 3
2(n− 2)
( n∑
i=1
ai
)2
.
3. A first Chen inequality
In the present section, we obtain first Chen inequality for quaternion Kaehler-
like statistical manifolds.
Theorem 3.1. Let (Mˆ, gˆ, ∇ˆ, J) be a quaternion Kaehler-like statistical mani-
fold of dimension 4m and M be its statistical submanifold of dimension n:
(a) If M is a holomorphic statistical submanifold, then we have
(τ − τ◦)− (K(pi) −K◦(pi))
≥
c
8
(n− 2)(n+ 1) +
c
4
{ 3∑
α=1
1
2
(trPα)
2 + ‖Pα‖
2 − 2tr(PαP
∗
α)
}
−
1
2
3∑
α=1
g2(e1, Jαe2)−
1
2
3∑
α=1
g2(Jαe1, e2)−
1
2
3∑
α=1
g(e1, Jαe2)g(e2, Jαe2)
−
n2(n− 2)
4(n− 1)
[
‖H‖2 + ‖H∗‖2
]
+ 2Kˆ◦(pi) − 2τˆ◦.
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(b) If M is a real statistical manifold, then we have
(τ − τ◦)− (K(pi)−K◦(pi))
≥
c
8
(n− 2)(n− 1)−
n2(n− 2)
4(n− 1)
[
‖H‖2 + ‖H∗‖2
]
+ 2Kˆ◦(pi)− 2τˆ◦.
Moreover, the equalities holds for any γ ∈ {n+ 1, n+ 2, . . . , 4m} if and only
if σγ11 + σ
γ
22 = σ
γ
33 = · · · = σ
γ
nn
σ
∗γ
11 + σ
∗γ
22 = σ
∗γ
33 = · · · = σ
∗γ
nn
σ
γ
ij = σ
∗γ
ij = 0 ∀1 ≤ i 6= j ≤ n.
Proof. Let {e1, e2, . . . , en} and {en+1, en+2, . . . , e4m} be the orthonormal frames
of TM and T⊥M , respectively. Then the sectional K-curvature K(pi) of the
plane section φ is
K(pi) =
1
2
[
g(R(e1, e2)e2), e1) + g(R
∗(e1, e2)e2), e1)− 2g(R
◦(e1, e2)e2), e1)
]
.
(3.1)
Using (2.3) and Gauss equation for R and R∗ and put the values in (3.1), we
arrive at
K(pi) =
c
4
{
1 +
1
2
3∑
α=1
g2(e1, Jαe2) +
1
2
3∑
α=1
g2(Jαe1, e2)
+
3∑
α=1
g(Jαe2, e2)g(Jαe1, e1)− 2
3∑
α=1
g(e1, Jαe2)g(e2, Jαe1)} −K◦(pi)
+
1
2
4m∑
γ=n+1
[
σ
γ
11σ
∗γ
22 + σ
∗γ
11σ
γ
22 − 2σ
∗γ
12σ
γ
12
]}
.
Using σ + σ∗ = 2σ◦, we get
K(pi) =
c
4
{
1 +
1
2
3∑
α=1
g2(e1, Jαe2) +
1
2
3∑
α=1
g2(Jαe1, e2)
+
3∑
α=1
g(Jαe2, e2)g(Jαe1, e1)− 2
3∑
α=1
g(e1, Jαe2)g(e2, Jαe1)} −K◦(pi)
+2
4m∑
γ=n+1
[
σ
◦γ
11σ
◦γ
22 − (σ
◦γ
12 )
2
]
−
1
2
4m∑
γ=n+1
{[
σ
γ
11σ
γ
22 − (σ
γ
12)
2
]
+
[
σ
∗γ
11σ
∗γ
22 − (σ
∗γ
12 )
2
]}
.
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Using Gauss equation with respect to Levi-Civita connection, we have
K(pi) = K◦(pi) +
c
4
{
1 +
1
2
3∑
α=1
g2(e1, Jαe2) +
1
2
3∑
α=1
g2(Jαe1, e2)
+
3∑
α=1
g(Jαe2, e2)g(Jαe1, e1)− 2
3∑
α=1
g(e1, Jαe2)g(e2, Jαe1)}
−2Kˆ◦(pi)−
1
2
4m∑
γ=n+1
[
σ
γ
11σ
γ
22 − (σ
γ
12)
2
]
−
1
2
4m∑
γ=n+1
[
σ
∗γ
11σ
∗γ
22 − (σ
∗γ
12 )
2
]
. (3.2)
The scalar curvature corresponding to the sectional K-curvature is
τ =
1
2
∑
1≤i<j≤n
[
g(R(ei, ej)ej), ei) + g(R
∗(ei, ej)ej), ei)− 2g(R
◦(ei, ej)ej), ei)
]
.
Using (2.3) and Gauss equation for R and R∗. After doing some simple cal-
culations, we get
τ =
c
8
n(n− 1) +
c
4
∑
1≤i<j≤n
{
1
2
3∑
α=1
g2(ei, Jαej) +
1
2
3∑
α=1
g2(Jαei, ej)
+
3∑
α=1
g(Jαej , ej)g(Jαei, ei)− 2
3∑
α=1
g(ei, Jαej)g(ej , Jαei)
}
− τ◦
−
1
2
4m∑
γ=n+1
∑
1≤i<j≤n
[
σ
∗γ
ii σ
∗γ
jj + σ
γ
iiσ
∗γ
jj − 2σ
∗γ
ij σ
γ
ij
]
.
By using some fundamental notations, the last equation reduces to
τ =
c
8
n(n− 1) +
c
4
∑
1≤i<j≤n
{
‖P‖2 −
1
2
(trPα)
2 − tr(P 2α)
}
− τ◦
−
1
2
4m∑
γ=n+1
∑
1≤i<j≤n
[
σ
∗γ
ii σ
∗γ
jj + σ
γ
iiσ
∗γ
jj − 2σ
∗γ
ij σ
γ
ij
]
,
which can be written as
τ =
c
8
n(n− 1) +
c
4
∑
1≤i<j≤n
{
‖P‖2 −
1
2
(trPα)
2 − tr(P 2α)
}
− τ◦
−2
4m∑
γ=n+1
∑
1≤i<j≤n
[
σ
◦γ
ii σ
◦γ
jj − (σ
◦γ
ij )
2
]
−
1
2
4m∑
γ=n+1
∑
1≤i<j≤n
{[
σ
γ
iiσ
γ
jj − (σ
γ
ij)
2
]
+
[
σ
∗γ
ii σ
∗γ
jj − (σ
∗γ
ij )
2
]}
.
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By using Gauss equation for the Levi-civita connection,we have
τ = τ◦ +
c
8
n(n− 1) +
c
4
{
‖P‖2 −
1
2
(trPα)
2 − tr(P 2α)
}
− 2τˆ◦
−
1
2
4m∑
γ=n+1
∑
1≤i<j≤n
[
σ
γ
iiσ
∗γ
jj − (σ
γ
ij)
2
]
−
1
2
4m∑
γ=n+1
∑
1≤i<j≤n
[
σ
∗γ
ii σ
∗γ
jj − (σ
∗γ
ij )
2
]
. (3.3)
From (3.2) and (3.3), we have
(τ −K(pi))− (τ◦ − k◦(pi)) =
c
8
(n− 2)(n− 1) +
c
4
{ 3∑
α=1
(trPα)
2 + ‖Pα‖
2
−2tr(PαP
∗
α)
}
−
1
2
3∑
α=1
g2(e1, Jαe2)−
1
2
3∑
α=1
g2(Jαe1, e2)
−
1
2
3∑
α=1
g(e1, Jαe2)g(e2, Jαe2) +
1
2
3∑
α=1
g(Jαe1, e2)g(Jαe2, e1)
}
−
1
2
4m∑
γ=n+1
[
σ
γ
iiσ
∗γ
jj − (σ
γ
ij)
2
]
−
1
2
4m∑
γ=n+1
[
σ
∗γ
ii σ
∗γ
jj − (σ
∗γ
ij )
2
]
+
1
2
4m∑
γ=n+1
3∑
α=1
{[
σ
γ
11σ
γ
22 − (σ
γ
12)
2
]
+
[
σ
∗γ
11σ
∗γ
22 − (σ
∗γ
12 )
2
]}
+2Kˆ◦(pi)− 2τˆ◦.
Using lemma 2.5, we can get the above equation in simplied form as
(τ −K(pi))− (τ◦ − k◦(pi)) ≥
c
8
(n− 2)(n− 1) +
c
4
{ 3∑
α=1
(trPα)
2 + ‖Pα‖
2
−2tr(PαP
∗
α)
}
−
1
2
3∑
α=1
g2(e1, Jαe2)−
1
2
3∑
α=1
g2(Jαe1, e2)
−
1
2
3∑
α=1
g(e1, Jαe2)g(e2, Jαe2)−
n2(n− 2)
4(n− 1)
[
‖H‖2 + ‖H∗‖2
]
+2Kˆ◦(pi)− 2τˆ◦.
This proves our claims. 
Corollary 3.2. Let (Mˆ, gˆ, ∇ˆ, J) be a quaternion Kaehler-like statistical man-
ifold of dimension 4m and M be a totally real statistical submanifold of di-
mension n, if for any p ∈M and τ ∈ TpM such that
(τ − τ◦)− (K(pi)−K◦(pi)) <
c
8
(n− 2)(n− 1) + 2Kˆ◦(pi)− 2τˆ◦,
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then M is non minimal.
Theorem 3.3. Let (Mˆ, gˆ, ∇ˆ, J) be a quaternion Kaehler-like statistical man-
ifold of dimension 4m and M be a Lagrangian statistical submanifold of di-
mension n. If n ≥ 4 and M satisfies the equality case of the Chen’s first
inequality, then it is minimal, i.e., H = H∗ = 0.
4. δ(2, 2) Inequality
Let p ∈M , pi1, pi2 ⊂ TpM be mutually orthogonal planes spanned by {e1, e2}
and {e3, e4}, respectively. Also let {e1, e2, · · · , en} and {en+1, en+2, · · · , e4m}
be the orthonormal basis of TpM and T
⊥
p M , respectively.
By doing simple calculations for K(pi1) and K(pi2) and using lemma 2.6,
we can obtain the following inequality.
(τ −K(pi1)−K(pi2)− (τ◦ − k◦(pi1)− k◦(pi2))
≥
c
8
(n2 − n− 4) +
c
4
{ 3∑
α=1
(trPα)
2 + ‖Pα‖
2 − 2tr(PαP
∗
α)
}
−
1
2
3∑
α=1
g2(e1, Jαe2)−
1
2
3∑
α=1
g2(Jαe1, e2)−
1
2
3∑
α=1
g(e1, Jαe2)g(e2, Jαe2)
−
1
2
3∑
α=1
g2(e3, Jαe4)−
1
2
3∑
α=1
g2(Jαe3, e4)−
1
2
3∑
α=1
g(e3, Jαe3)g(e4, Jαe3)
−
n2(n− 2)
4(n− 1)
[
‖H‖2 + ‖H∗‖2
]
+ 2Kˆ◦(pi) − 2τˆ◦,
which represents the Chen δ(2, 2) inequality for arbitrary submanifold in a
quaternionic Kaehler-like statistical manifold. Using this inequality, we have
the following theorem.
Theorem 4.1. Let (Mˆ, gˆ, ∇ˆ, J) be a quaternion Kaehler-like statistical mani-
fold of dimension 4m and M be its statistical submanifold of dimension n:
(a) If M be a holomorphic statistical submanifold, then we have
(τ −K(pi1)−K(pi2)− (τ◦ − k◦(pi1)− k◦(pi2))
≥
c
8
(n2 − n− 4) +
c
8
(
trJα)
2 −
n2(n− 2)
4(n− 1)
[
‖H‖2 + ‖H∗‖2
]
−
1
2
3∑
α=1
g2(e1, Jαe2)−
1
2
3∑
α=1
g2(Jαe1, e2)−
1
2
3∑
α=1
g(e1, Jαe2)g(e2, Jαe2)
−
1
2
3∑
α=1
g2(e3, Jαe4)−
1
2
3∑
α=1
g2(Jαe3, e4)−
1
2
3∑
α=1
g(e3, Jαe3)g(e4, Jαe3)
−2
(
τˆ◦ − 2Kˆ◦(pi1)− 2Kˆ◦(pi2)).
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(b) If M be a real statistical manifold, then we have
(τ −K(pi1)−K(pi2)− (τ◦ − k◦(pi1)− k◦(pi2))
≥
c
8
(n2 − n− 4)−
n2(n− 2)
4(n− 1)
[
‖H‖2 + ‖H∗‖2
]
−2
(
τˆ◦ − 2Kˆ◦(pi1)− 2Kˆ◦(pi2)).
Moreover, the equalities holds for any γ ∈ {n+ 1, n+ 2, . . . , 4m} if and only
if σγ11 + σ
γ
22 = σ
γ
33 + σ
γ
44 = σ
γ
55 · · · = σ
γ
nn
σ
∗γ
11 + σ
∗γ
22 = σ
∗γ
33 + σ
∗γ
44 = σ
∗γ
55 · · · = σ
∗γ
nn
σ
γ
ij = σ
∗γ
ij = 0 ∀ 1 ≤ i 6= j ≤ n.
Corollary 4.2. Let (Mˆ, gˆ, ∇ˆ, J) be a quaternion Kaehler-like statistical man-
ifold of dimension 4m and M be a totally real statistical submanifold of di-
mension n, if for any p ∈M and τ ∈ TpM such that
(τ − τ◦) < (K(pi1)−K◦(pi1)) + (K(pi2)−K◦(pi2)) + (n
2 − n− 4)
c
8
−2(τˆ◦ − Kˆ◦(pi1)− Kˆ◦(pi2)),
then M is non minimal.
Theorem 4.3. Let (Mˆ, gˆ, ∇ˆ, J) be a quaternion Kaehler-like statistical man-
ifold of dimension 4m and M be a Lagrangian statistical submanifold of di-
mension n. If n ≥ 6 and M satisfies the equality case of the Chen δ(2, 2)
inequality, then it is minimal, i.e., H = H∗ = 0.
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